
Complex Numbers 

Circular functions – Powers, multiple angles, series 
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 ∴ 10 (2 cos2 θ – 1) – 22 cos θ + 16 = 0   ⇒  20 cos2 θ – 22 cos θ + 6 = 0 ⇒  10 cos2 θ – 11 cos θ + 3 = 0 
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 ∴ u7 – 1 = 0,  and the roots can be written   1 , u , u2 , u3 , u4 , u5 , u6 . 

Sum of roots  =  1 + u + u2 + u3 + u4 + u5 + u6  = 0 . 

If  α = u + u2 + u4 ,  β = u3 + u5 + u6 ,   then    α + β = u + u2 + u3 + u4 + u5 + u6  = – 1 

αβ = u + u2 + u3 + u4 + u5 + u6 + 3 = – 1 + 3 = 0 . 

It follows that  α, β  are roots of the equation   x2 + x + 2 = 0 . 

Solve this equation and take   i
2
7

2
1
+−=α            …. (1) 

On the other hand,  α = u + u2 + u4 = ⎟
⎠
⎞

⎜
⎝
⎛ π+π+⎟

⎠
⎞

⎜
⎝
⎛ π+π+⎟

⎠
⎞

⎜
⎝
⎛ π+π

7
8

sini
7
8

cos
7
4

sini
7
4

cos
7
2

sini
7
2

cos …. (2) 

 Equate real and imaginary parts,  7
2
1

7
8

sin
7
4

sin
7
2

sinand
2
1

7
8

cos
7
4

cos
7
2

cos =π+π+π−=π+π+π  

3. (i) cos 7θ + i sin 7θ = (cos θ + i sin θ)7  

  = c7 + 7c6(is) + 21c5(is)2 + 35c4(is)3 + 35c3(is)4 + 21c2(is)5 + 7c(is)6 + (is)7 , where  c = cos θ , s = sin θ 

  = (c7 – 21c5s2 + 35c3s4 – 7cs6) + i (7c6s – 35 c4s3 + 21c2s5 – s7 ) 

  Compare imaginary parts,   

  sin 7θ = 7c6s – 35 c4s3 +21c2s5 – s7 = 7(1 – s2)3s – 35(1 – s2)2s3 + 21(1 – s2)s5 – s7  

  = 7(1 – 3s2 + 3s4 – s6)s – 35(1 – 2s2 + s4)s3 + 21(1 – s2)s5 – s7 = 7s – 56s3 + 112s5 – 64s7

  ∴  sin 7θ = 7 sin θ – 56 sin3θ + 112 sin5θ – 64 sin7θ 

 (ii) Let  z = cos θ + i sin θ , then   1/z = cos θ – i sin θ 

   zn = cos nθ + i sin nθ ,  1/zn = cos nθ – i sin nθ 
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  = sin 7θ – 3 sin 5θ + sin 3θ + 5 sin θ 
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  = cos 8θ + 28 cos 4θ + 35 

4. p = cis α , q = cis β , r = cis γ ,   

If  cos α + cos β + cos γ = 0  and  sin α + sin β + sin γ = 0  then  p + q + r = 0 .  

Since  p3 + q3 + r3 – 3pqr = (p + q + r) (p2 + q2 + r2 – pq – qr – rp) = 0 , we have  p3 + q3 + r3 = 3pqr . 

By de Moivre’s Theorem,  p3 = (cis α)3 = cis 3α,   q3 = (cis β)3 = cis 3β,  r3 = (cis γ)3 = cis 3γ 

and  3pqr =  3 cis (α + β + γ) 

Equating real parts and imaginary parts , we get   cos 3α + cos 3β + cos 3γ = 3 cos (α + β + γ)  

and  sin 3α + sin 3β + sin 3γ = 3 sin (α + β + γ)  
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6. cos 9θ + i sin 9θ = (cos θ + i sin θ)9  

 = c9 +9c8(is) +36c7(is)2 +84 c6(is)3 +126c5(is)4 +126c4(is)5 +84c3(is)6 + 36c2(is)7 +9c(is)8 +(is)9 ,  c =cos θ , s =sin θ 

 = (c9 – 36c7s2 +126c5s4 – 84c3s6 +9cs8) + i (9c8s – 84 c6s3 + 126c4s5 – 36c2s7 +s9) 
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(negative root is rejected) 

7. By the Binomial Theorem, 
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8. z = 1 + cos θ + i sin θ ,   |z – 1| = |1 + cos θ + i sin θ – 1| = | cos θ + i sin θ| = cos2 θ + sin2 θ = 1  

 ∴   satisfies  |z – 1| = 1 ,   where  – π ≤ θ ≤ π . 
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10. (i) Let  C = x cos θ + x2 cos 2θ + x3 cos 3θ + … + xn–1cos (n – 1)θ 

    S = x sin θ + x2 sin 2θ + x3 sin 3θ + … + xn–1sin (n – 1)θ  

  ∴ C + iS = x cis θ + x2 cis 2θ + x3 cis 3θ + … + xn–1cis (n – 1)θ   ,  where  cis θ = cos θ + i sin θ . 

= x cis θ + x2 (cis θ)2 + x3 (cis θ)3 + … + xn–1 (cis θ)n-1  , by de Moivre’s Theorem 
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  = ( ) ( ) ( ) ( ) ( ) θ−++θ−++θ−θ +−++−++ cisC1...cisC1...cisCcis 1n2nr21n21n2r1n21n21n2
nr1  

  = ( ) ( ) ( )[ ] ( ) ( ) ( )[ ] ( ) ( ) ( )[ ]n1n1n2nrr1n21n2rn21n21n2 ciscisC1...ciscisC1...ciscisCcis θ−θ−++θ−θ−++θ−θ−θ ++−++++
nr1  

  = ( ) ( )[ ] 1n2
r)1n2(

1n2
r

rr1n2
1n2

0r

1n2
r CCcesin,ciscisC

2
1 +

−+
+−+

+

=

+ =θ−θ∑  and   

 ( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]{ } ( ) ( )[ ] r1n2r)1n2(r2r21n2r1n2rrr1n2 ciscisciscisciscisciscis −++−−+−+−+ θ−θ=θ−θθ−θ=θ−θ  
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  = ( )[ ] [ ] ( ) θ−=θ=θ−−θ ++++ 1n21n2n1n21n2 sin21
2
1sini2

2
1ciscis

2
1  

 Comparing imaginary parts,  S =  ( ) θ− +1n2n2n sin21

12. If  n  is odd,  let  n = 2t – 1  ,  t ∈ 

cos nθ + i sin nθ = (cos θ + i sin θ)n =   ,  where  c = cos θ ,  s = sin θ ( ) knk
n

0k
isc

k
n −

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛∑

( ) ( ) ( ) m21t2m2
1t

0m

)1m2(1t21m2
t

1m

k1t2k
1t2

0k
isc

m2
1t2

isc
1m2
1t2

isc
k

1t2 −−
−

=

−−−−

=

−−
−

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
= ∑∑∑  , group odd and even terms. 

( ) ( ) 1m2t21mt2m2
1t

0m

m2t2mt21m2
t

1m
sic

m2
1t2

isic
1m2
1t2 −−−−

−

=

−−−

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

= ∑∑  

( ) ( ) 1m2t2m21mt
1t

0m

m2t21m2mt
t

1m
sc

m2
1t2

1isc
1m2
1t2

1 −−−−
−

=

−−−

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−
−

−= ∑∑  

Comparing imaginary parts,   

sin nθ =   ( ) ( ) ( ) 1m2t2m21mt
1t

0m

1m2t2m21mt
1t

0m
ss1

m2
1t2

1sc
m2

1t2
1 −−−−

−

=

−−−−
−

=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
− ∑∑

( ) ( ) ( ) ( ) 1m2t2k2k
m

0k

1mt
1t

0m

1m2t2k2
m

0k

1mt
1t

0m

ss
k
m

1
m2

1t2
1ss

k
m

m2
1t2

1 −−

=

−−
−

=

−−

=

−−
−

=
⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−=⎥

⎦

⎤
⎢
⎣

⎡
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑∑∑∑  

( ) 1k2m2t21kmt
m

0k

1t

0m
s

k
m

m2
1t2

1 −+−−+−

=

−

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑∑  

Put  L = m – k  ,  or  k = m – L , sin nθ =  ( ) 1L2t21Lt
m

0L

1t

0m
s

Lm
m

m2
1t2

1 −−−−

=

−

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−∑∑

Interchanging summation, we get 

sin nθ  ( ) ( ) 1L2t2
1t

Lm

1Lt
1s

0L

1L2t21Ls
1t

Lm

1t

0L

s
Lm

m
m2

1t2
1s

Lm
m

m2
1t2

1 −−
−

=

−−
−

=

−−−−
−

=

−

=
⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑∑∑∑

( ) 1L2t2
1t

Lm

1Lt
1t

0L

s
L
m

m2
1t2

1 −−
−

=

−−
−

=
⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑∑   ,  since    . ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− L

m
Lm

m

( ) 1r2
1t

rtm

1r
1t

1r

s
rt

m
m2

1t2
1 −

−

−=

−
−

=
⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑∑  ,  where  r = t – L . 

= b1s + b3s3 + … + bnsn ,  where  s = sin θ , and  b1 , b3 , …, bn  are real numbers independent of  θ . 

 ∴             .... (1) ( ) ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑

−

−=

−
− rt

m
m2

1t2
1b

1t

rtm

1r
1r2

Put  r = 1  in (1),    b1 =  ( ) n1
1n

n
1t
1t

)1t(2
1t2

1t
m

m2
1t2

1
1t

1tm

11 =×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−
−

=⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
− ∑

−

−=

−

Put  r = t  in (1), ( ) ( ) ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−=⎥

⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−= ∑∑

−

=

−−

=

−

m2
n

1
0
m

m2
1t2

1b
2

1n

0m

2
1n1t

0m

1t
n   , n = 2t – 1.  …. (2) 

Consider              …. (3) ( ) m
n

0m

n x
m
n

x1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+ ∑

=
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  Put  x = 1  in (3),            …. (4)  ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∑

= m
n

2
n

0m

n

  Put  x = -1  in (3),           …. (5) ( ) 1m
n

0m
1

m
n

0 −

=

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ∑

(4) + (5),  1n
2

1n

0m

2
1n

0m

n

even is m,0m

n 2
m2
n

m2
n

2
m
n

22 −

−

=

−

==

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⇒⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= ∑∑∑      …. (6) 

From  (2) and (6), ( ) 1n
2

1n

n 21b −
−

−= . 

 Now,  sin nθ = b1s + b3s3 + … + bnsn =          .... (7) r
r

n

1r

sb∑
=

 Differentiate  (7), n cos nθ =  ,  where  c = cos θ.      …. (8) 1r
r

n

1r

srbc −

=
∑

 Differentiate  (8) -n2 sin nθ =  ( ) ( ) ( ) 2r
r

n

2r

2r
r

n

1r

2r
r

n

2r

21r
r

n

1r

sb1rrs1srbsb1rrcsrbs −

==

−

=

−

=

−−+−=−+− ∑∑∑∑

    n2 sin nθ =  ( ) 2r
r

n

2r

r
r

2
n

1r

sb1rrsbr −

==

−−∑∑

 From  (7),   =  r
r

n

1r

2 sbn ∑
=

( ) 2r
r

n

2r

r
r

2
n

1r

sb1rrsbr −

==

−−∑∑

   ∴ =  ( ) 2r
r

n

2r

sb1rr −

=

−∑ r
r

2
n

1r

r
r

2
n

1r

sbnsbr ∑∑
==

−

     =  ( )( ) r
2r

n

1r

sb2r1r +
=

++∑ ( ) r
r

22
n

1r

sbnr −∑
=

 Compare coefficients of  sr – term,  

   ∴ ( )( ) r

22

2r b
2r1r

nrb
++

−
=+ . 

   n
6
n1b

6
n1b

2

1

2

3
−

=
−

=  
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