Complex Numbers

Circular functions — Powers, multiple angles, series

1 . L in - .
2c0s0=X+— = x=c0s0%isin0 = x" =(cosO+isin6)" =cosnO+isinnd , by de Moivre’s Theorem.
X

1 . .
X" +—=(cosnO *isinn®)+ (cosnd FisinnO)=2cosnod .

n

1 1
x*—11x3 + 16X° - 11x +5=0 = S(XZ+—2]—11(x+—j+16=0:1000529—220056+16=0
X X

10 (2cos’0-1)-22¢cos0+16=0 = 20c0s°0-22cosO+6=0 = 10cos’0—-11cosO+3=0

1 3 . : .
cos 0 = > or R The corresponding sin 6 = ? or % (draw triangles to show)
+ i +4i
Hence x=cos0+isin®= l_fl , 3_54'

2 .2 , 2 .2 .
U=cos—m+isin—m =Uu' = cos7n+|sm7n =cos2n+isin2r =1

u’—1=0, andtherootscanbewritten 1,u,u®,u®,u*,u’, .

Sumofroots = 1+u+u?+ud+u*+u°+u® =0.

If a=zu+u’+u®, p=ud+u®+u®, then a+p=u+v?+uil+ut+uP+u® =-1
ap=u+ui+ud+ut+uP+u+3=-1+3=0.

It follows that «a, B are roots of the equation X’ +x+2=0.

1 7

Solve this equation and take o= —E+7i e ()

2 .. 2 4 . 4 .
On the other hand, o =u+u’+u*= (cos7n+|sm7rcj+(cos7n+|sm7nj+(cos§n+|sm§nj.... (2)

S 2 4 8 1 .2 .4 .8 1
Equate real and imaginary parts, cos—m+ cos—m+CcoS—n=—— and sinZm+sin—n+sin—n==-~7
7 7 7 2 7 7 7 2

(i) cos76+isin760=(cos 6 +isin )’
= ¢/ + 7c%(is) + 21c°(is)? + 35¢”(is)® + 35¢%(is)* + 21¢%(is)° + 7c(is)° + (is)’ , where c=cos6,s=sin6
= (c” - 21¢%® + 35¢%"* — 7cs®) + i (7¢% — 35 ¢*s® + 21¢%° - §')
Compare imaginary parts,
sin 70 = 7¢% — 35 ¢’s® +21¢%° — 5" = 7(1 - 59)% - 35(1 — s9)%° + 21(1 - §%)s° - &’
= 7(1 - 35 + 35* = s%)s — 35(1 — 25% + s)s° + 21(1 — s9)s° — 5" = 75 — 565° + 1125° — 645’
sin 70 = 7 sin 0 — 56 sin0 + 112 sin°0 — 64 sin0
(i) Let z=cos®+isin®,then 1l/z=cosO-isin®

Z"=cosnO+isinnd, 1/z2"=cosnd-isinnd

1 1
cosn6=—(2”+—j, sinn@:i_(z”—i)
2 z" 2i z"



7
64sin’ 6=64{%(z—£ﬂ =64 x 128 _ [27 ~72° +217° - 352 +§—2—31+l5—i7}
i -128i z z

zZ zZ zZ

:—i_ z7—i7 —7x1_ z&”—i5 +35xi_ z3—i3
2i z 2i z 2i z

=—[sin 76 — 7 sin 50 + 21 sin 30 — 35 sin 6] = 35 sin 6 — 21 sin 30 + 7 sin 50 —sin 70

(iii) 2°sin®0cos? 6 = 64 x {i[z —EH F(z +1ﬂ
2i z 2 z

:64><i_[25—523+102—E+£3+i}x—{z2 +2+i}

32i z 28 7°

1
:—_[27—325+23+52—E—i+i—i}:i_(z7—i)—Sxi(zs—ij+i_(z3—ij+5xi(z—£)
2i z 22 22 7271 2i z’ 2i z°) 2i yad 2i z

=sin70-3sin50 +sin30+5sin0

(iv) 64(cos® 0+ sin®6)=64x {B(Z %ﬂs ’ [%(Z _%jﬂ

:lx{[28+826+2824+5622+70+§+§+£+i}+[28—826+2824—5622+70—5—6+§—£+i}}
4 v AR S A A AR S A

:lx{zs+282“+70+§+i}:1(28+i)+28><1(z4 +ij+35
2 4 2 8 4

rARN & z z

=Co0s 86 + 28 cos 40 + 35
p=cisa,q=cisp,r=cisy,
If cosa+cosp+cosy=0 and sina+sinpf+siny=0 then p+q+r=0.
Since pPP+oP+rP-3par=(p+q+r (p*+g’+r*-pg-qr—rp)=0,wehave p*+q®+r®=3pqr.
By de Moivre’s Theorem,  p® = (cis a)® = cis 3a, q® = (cis B)* = cis 3P, r* = (cis y)* = cis 3y
and 3paqr= 3cis(at+tp+y)

Equating real parts and imaginary parts , we get  cos 3a. + cos 33 + cos 3y =3 cos (o + 3 +7)

and sin3a +sin3f +sin3y=3sin(a+ B +vy)
1 1 . .
2c0sX=U+—, 2C0Sy=V+— = U=cCO0SXztisinx, vV =Ccosyzxisiny
u %
= U™ =(cosx £isinx)" =cosmx *isinmx, v" =(cosy+isiny)" = cosny +isinny

= u™v" = (cosmx +isinmx)(cosny £ isinny)=cos(m+n)x £ isin(m + n)x

=u™v" + 1 =[cos(m +n)x xisin(m + n)x]+[cos(m + n)x Fisin(m + n)x]=2cos(mx + ny)

mvn -

c0s 90 + i sin 90 = (cos 0 + i sin 0)°
= ¢® +9c®(is) +36¢(is)? +84 c®(is)* +126¢°(is)* +126¢*(is)° +84c(is)® + 36¢%(is)’ +9c(is)® +(is)°, c¢=cos 6, s =sin O
= (c®- 36¢"s? +126¢%s* — 84c3s° +9¢s®) + i (9c®s — 84 c®s° + 126¢*s® — 36¢%” +57)

sin90  9c’s—84c%° +126¢"s° —36¢%s’ +5°  9x —84x° +126x° — 36X’ +X°

tan 96 = =
c0s90 ¢’ —36¢c's? +126¢°s* —84c3s® +9cs®  1—36x% +126x* —84x° +9x®

,Where x=tan6 ....(1)



It

. tan96=0 =90=rn+0 :G:E : where r=0,1,2,3,...,8. e (2
From(1), tan99=0 = 9x-84x>+126x°—-36x’+x°=0

=  x(9-84x? +126x* -36x°+x°)=0  ,where x=tan® e (3
" tan%t ,where r=0,1,2,3,...,8, areroots of the equation x(9-84x? +126x* —36x° +x°) =0
g tan%[ ,where r=1,23,...,8, areroots of the equation 9-84x*+126x*-36x°+x2=0 N )
Now, put y = x?,
tanZ%E ,where r=1,23,4,...,8 arethe roots of the equation 9 -84y + 126 y* =36 y* +y* =0 .. (5)

r .
or tanzg7t ,where r=1,2, 3,4,-1,-2,-3, -4 are the roots of the equation (5)
But tanz% = tan ( r;rj . tanz%c ,Where r=1,2,3,4 arethe roots of the equation (5) .

. 2 3 4 .. .
By Vieta Theorem,  Sum of roots = tan? g + tan? ?T["- tan’ ?n-i- tan® ?n = - coefficient of y? in (5) = 36

2n 4r 2 4
Product of roots = tan? —tan? <" tan? 3—tan — =constantterm=9 — tanztan—ntang—ntan—n= 3
9 9 9 9 9 9 9 9
(negative root is rejected)
By the Binomial Theorem,
2n 2n 2n 2n 2n
1+i)" = + A+ ity 2"
0 3 2n-1 2n
3 2n 2k < 2n 2k+1 C 2k 1
= i B 1 +i B ..o @
2 Z(MJ -3 g @
Also, by de Moivre’s Theorem,
2n
141" =| V2| cosErisinZ || =2 cos T 4+ isin 1T U ¢
@) [\/—( 4 4ﬂ ( 2 2 @
By equating real and imaginary parts of (1) and (2),
3 2n nm nm
i -1) =2"cos— i 1 2" sin—
0 Y5 )2 CIDYCH AR
z=1+cosO+isin®, |z-1/=|1+cosB+isin®—1/=|cosO+isinb=cos’6+sin6=1
satisfies |z-1|=1, where —-n<0<m.
1 1 _ 1+cosO—isin® _1+cose+isine_£+i sin®
z 1+cos@+isin® (1+cos6) +sin0 2(1+cos0) 2 2(1+cos0)
1) 1 1 . . . 1. .
Rel = =5 a constant. -, = describes a straight line x = > in the Argand diagram.
z z
z=1+cosO+isin®= 2cos 9+ 25lnecose 2003g cos§+isin9 , Esgsﬁ
2 2 2 2 2 2 2 2 2



0 0
Z|=2c0s—, arglz)=—
[2/=2c0s7 9(2)=>
(1+cos 0 +isin )"
n
= Zcos9 cosg+isin9 :2”005“9 cosn—eJrisinn—6 =|2" COSHQCOSn—e)-f-i 2" cos”gsinn—e e (D
2 2 2 2 2 2 2 2 2 2
(L+cos@+isin@)"=(1+w)"= > Clo'=> Cl(cos®+isin®) => C(cosr0+isinro) )
r=0 r=0 r=0
. . . . 0\  no
Comparing real part of (1) and (2), 1+ CJcosO+C,cos20 +...+ C, cosnd = Zcosz cos; .

. n(n (ny .
9. Consider C= Z(JcosZre S= Z[erane
r=1

r=1

C+iS= ZHZ(TJ (cos 2r@ +isin 2r) :Zn:(n (cos 26 +isin20) =(1+cos 26 +isin20)"

r=1 r=1

= (2cos? 0 +i2sin0cos6) = (2cos0)" (cos0 +isin )" = (2cos6)" (cosnd +isinno)

L/ n
Comparing imaginary parts, Z( rj sin2rg=2"cos" 0 sinnd .

r=1
10. (i) Let C=xc0s 0 +x*cos 20 + x> cos 30 + ... + X" *cos (n— 1)0
S=xsin 6 +x%sin 20 + x*sin 30 + ... + X" sin (n - 1)0
C+iS=xcisO+x2cis20+x°cis30+ ... +x"cis(n—1)0 , where cisO=cosf+isino.
=x cis 0 + X2 (cis 0)> + x3 (cis 0)° + ... + X" (cis 0)"* , by de Moivre’s Theorem
=X cis  + (xcis 0)° + (xcis 0)° + ... + (xcis 0)™*

(xcis®)"™ —1 _ (xcisB)" —xcis® _ x"cisn® — xcis® _ (x" cosnd— x cos6)+i(x" sinnd — xsin 0)
xcisd-1  xcis6-1  xciso-1 (xcos®—1)+i(xsin6)

= XcisO

(x cosno — xcose) (x sinnd — xsme)
(xcos0—1)* +(xsin6)’

[(xcos®—1)—i(xsin6)]

(x" sin n6 — xsin 6)(x cos 6 —1)— (x sin O)(x" cos O — x cos 6)

Comparing imaginary parts, S =
Paring tmeaginanyp (xcos® 1) +(xsin6)

X" sinnOcosd—x" sinnd + xsin®—x""*sin@cosn® _ x"sinnbcosd —x"*sinnd +5sin 6 — x" sin O cosn®
x* —2xcos0 X —2c0s6

n-1 n-1
(i) Let C=)(r+1)cosrd, S=) (r+1)sinro
r=0 r=0

=C+iS= ni(r+1)cisrezni(wl)(cise)r e ()
(cis)E = nZ(r+1) (cis0)™ Zn:r(cise)r )
SEP : _(cis0)"" -1

2)-(@), [(cis 0) -1 =nfcis 0)" + 3_r(cis 0) ~1=n(cis n6).+ cis 0) 55—



_ n(cis nB)(cis 6) + (cis 6)" —(cis 6)— (cis 0)+1 _ n cis[(n +1)0]+ (cis n6) - 2(cis 6)+1

oot ]

_ ncis[(n+1)0]+ (cis n6)—2(cis 0)+ _ n (cis n6)-cis (n —1)0 — 2+ cis(-6)

E

2 ., 0
(cis O{Zising) 43'”25
Compare imaginary parts, we have ~ S= ——_ (sin n6)+sin (n 1) —2sin .

., 0

4sin” —

2

(iii) Let C= isin’e cosrd ,  S= )'sin'0 sinro
r=1 r=1

CHiS= Ysin'6 cisro— Ysin'6 (cis o =S Tsin® (cis o1 lsin 0 .61[sine(cise)]”—1
[ Z:l:sm cisr rZﬂ:sm (cis 0) ;[Sln (cis 0)] =[sin6 (cis 0)] [in6 (cis o)1

_ [sin® (cis 0)"* —sin 6 (cis6) _sin™™ 6 cis|(n +1)0]-sin 6 (cis 6)

~ (sin0cosb-1)+ilsin?6)  (sinBcosO-1)+ilsin® )

_ {sin™* 0 cos[(n +1)0]—sin6 cosO}+ifsin"* 0 sin[(n +1)0]—sin 0}
(sincos®—1)° +(sin6)’

{(sin0cos0-1)—ilsin? o)}

Comparing imaginary parts,
(sin©cos® —1)fin™ 0 sin[(n +1)0] - sin? 0} (sin” 6 )fsin™* 6 cos[(n +1)0]—sin® coso}
sin®0c¢os’ 0 - 2sinBcosO +1—sin* 0

sin"*? O cosOsin|(n +1)0]-sin"" Osin[(n +1)0]+sin® 6 —sin"** O cos|(n +1)0]
sin6(L1—sin®0)—2sin6cos6 +1-sin* O

S=

_ sin" 0{cos0sin|(n +1)0] - sin Ocos[(n +1)6];—sin"* Bsin(n +1)0]+sin’ 6
sin?@—2sin0cos0 +1

sin"? @sin nd —sin"** Osin|(n +1)0]+sin? 0
sin?@—2sin6cos+1

11. C=cos(2n+1)0—C**cos(2n—1)0 +...+(-1) C*"* cos(2n +1-2r)0 +...+(~1)" C*"** cosO
S=sin(2n+1)0—C**sin(2n -1)0 +...+(-1) C*"*sin(2n +1-2r)0 +...+ (~1)"C**sin6
C+iS= cis(2n+1)p—C>"cis(2n —1)0 +...+ (—1)' C*™cis(2n +1-2r)0 +...+ (- 1)" C*"*ciso

= (cis)™"* —C2(cisO " +...+ (—1) C*"*(cish)" " +...+(~1)" C*"*ciso

(ciso )" —C2(cis)*" [cis(— 0)]+ ...+ (— 1) C2™*(cis)*"* " [cis(= 8)] +...+(~1)" C2"*(cis0)"*[cis(- 0)]"

2n+l
%Z“Cf"”(cise)zn*l’r [cis(-0)]', since C"*=Cl, and

r=0

(cise )" [cis(- 0)] = (ciso)'[cis( O)f" " {(cise)z”“‘zr [cis(- 0)[ ¢ }: (ciso) [cis(- 0)["*



12.

= %[cise —cis(-0)]"* = %

1

Comparing imaginary parts, S= (-1)"2*"sin*"" 0

If n isodd, let n=2t-1

cosno +isinnd =(cos O +isin6)"= >
k=0

S (5

Comparing imaginary parts,

, teN

2t-1

n

sz l(IS)Zl —1-(2m-1) +§ 2t
2m-1 2

1
sinnd = tz: (_1)‘m1[2;m1j g2t-2m-1 _

m=0

Put L=m-k , or k=m-

=b;s + b353+ .. +bs",

Put r=t in(1), b,

Consider (1+x)" Zn:

m=0

3 ~ ema( 2 -1 & (m
- m=0 ( 1) [Zm l; k
_ N )}kl 2-1)(m 2t-2m+2k-1
L5 e (0

L ’

where

\_/

m=0

=i [zz;illjcm 1( )t m .2t-2m _HZ (Zt 1J ( )T m‘lsZK—Zm—l
3 L yem 2 -1 Lo o S yomet 2-1) 5 otoma
=Y (-1 [2m_1]c 'S +|m§ (-1f (Zm Jc S

3
Il
o
[
Il
o

s=sin0,and by,bs,...

2isinO]"" = =(-1)"2*" sin*""* o
feisinoF™

)(_Sz)k}sz”"’* > H)tml[z;;l]

s , where r=t-L.

1bn

b (2;;1}('3)}4 Y

n
Ekjc"(is)”k , where c=cos®, s=sin®

_1]02m
m

(is*™ , group odd and even terms.

are real numbers independent of 6.

1)

;(ij ,n=2t-1. e (2

3)



Put x=1 in(3), 2“:%(”}

Put x=-1 in(3), 0-3 (nj(—l)m‘l

n-1 n-1
@) + (5) -2 Yy |[" —227: " :ZT: -
, - m=0,mis even m - m=0 2m m=0 2m
From (2)and (6), b, =(-1)z 2" .
Now, sinnd=bys+bgs®+ ... +bs" = > bs'

n
ncosn®= ¢y rbs ,

r=1

Differentiate (7),

-n’sinng = —szn: rb,s"™ +czzn: r(r -

r=1 r=2

Differentiate (8)

n n

Zrzbs’—z r—1),s”

r=: r=2

n? sin n®

From (7), nzzn: bs" = Zn: r’b,s" —Zn: r(r-1)b,s"2
r=1 r=1 r=2
n r(r—l)brs"zzzn: r’b,s’ - n n’b,s"
r=2 r=1 r=1

Zn: (r+1)(r+2)b,,s" = (rz—nz)brsr

r=1 :1

Compare coefficients of s"—term,

r’—n?
b,,=——~—b,.
"2 (r+1)r+2) "
2 2
bszl—n blzl—n N

where ¢ =cos 0.

1bs?=— n rb,s” +(1—s?
2

>

r=1 r

I
N

r(r—1)b,s™?

(4)

()

(6)

()

(8)



